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Abstract: We construct covariant coordinate transformations on the fuzzy sphere
and utilize these to construct a covariant map from a gauge theory on the fuzzy
sphere to a gauge theory on the ordinary sphere. We show that this construction
coincides with the Seiberg-Witten map on the Moyal plane in the appropriate limit.
The analysis takes place in the algebra and is independent of any star-product rep-
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1. Introduction
One of the surprises arising in noncommutative gauge theory is the existence of
the so-called Seiberg-Witten (SW) map between noncommutative and commuta-
tive gauge theories. Its existence on noncommutative R4 was first deduced from
the observation that different worldsheet regularization schemes (point-splitting vs.
Pauli-Villars) lead either to a commutative or a noncommutative gauge theory in
the field theory limit of open string theory [1]. Subsequently, the SW-map has been
extensively studied. An especially interesting approach is set within the Kontsevich
star product formalism [2]. Here the SW-map is found to constitute a part of a
map between equivalent star products [3–6]. In particular, this study shows that the
SW-map is an integral feature of any noncommutative geometry obtained through
deformation quantization of a Poisson manifold. The analysis allows in principle
the construction of the SW-map of both Abelian and non-Abelian gauge theories
although the non-Abelian case proves delicate.
On noncommutative Rn characterized by a constant noncommutativity param-
eter θ, the SW-map can be constructed using various other techniques. Most often,
the map is studied within a star-product representation of the noncommutative al-
gebra. Switching to a BRST-setting the map can be found perturbatively using a
cohomological approach [7,8] (See also [9] and references therein for recent work set
within both the BRST and Batalin-Vilkovisky formalisms). This method applies to
all gauge groups. Further, the SW differential equation may be derived using an
ansatz of covariant coordinate transformations [10–12]. There is also an interesting
connection between gauge theory on noncommutative Rn and fluid dynamics [13],
which allows an interpretation of the SW-map in terms of the map from the Lagrange
to the Euler picture of the fluid [14].
On curved noncommutative spaces less is known about the SW-map. The fuzzy
sphere, S2N , is a simple example of a noncommutative algebra [15, 16]. It is related
to the function algebra of the sphere through a cut-off of high angular momenta and
is an algebra of finite matrices. The fuzzy sphere is linked to the Moyal plane, R2θ,
through a special limit where a region of the fuzzy sphere is infinitely enlarged [15,17].
A star-product representation of the fuzzy sphere can be constructed via deforma-
tion quantization of its commutative counterpart [18]. Although the star-product
will involve infinitely many differentiations, the quantization of the noncommutativ-
ity parameter truncates the series [19]. This means that the work of Jurco et al.
regarding the SW-map applies also to the fuzzy sphere. In [20] a SW-map on the
fuzzy sphere was constructed to second order using cohomological techniques. How-
ever, to this end a star-product on the sphere was applied which does not truncate
the function algebra and thereby represents an infinite-dimensional algebra.
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In the present paper we are concerned with an explicit construction of the SW-
map on the fuzzy sphere. We apply the method of covariant coordinate transforma-
tions and use results known from the Moyal plane combined with the Moyal limit of
the fuzzy sphere to identify the correct setup on the fuzzy sphere. We first construct
noncommutative conformal transformations on the fuzzy sphere and subsequently
exploit these to construct the SW-map. We choose to work directly in the algebra,
avoiding any use of a star-product. The constructed SW-map is a gauge-covariant
map from the finite dimensional algebra S2N into the infinite dimensional algebra of
functions on S2. Our construction allows straightforward computation of the defor-
mation to arbitrary orders.
Let us give a short outline of the strategy applied in this paper:
• In a first step, all coordinate transformations on the fuzzy sphere S2N are de-
termined. These coordinate transformations do not all commute with gauge
transformations of a gauge field defined on the fuzzy sphere. However, com-
bined with an appropriate transformation of the product on S2N they form a
total transformation which commutes with gauge transformations.
• In a second step, new, modified coordinate transformations are proposed. These
transformations are constructed so that they commute with gauge transforma-
tions. Also, modified transformations of the product are obtained which again
commute with gauge transformations.
• From the modified transformations of the product, tensorial transformations
(rank two) are constructed which again commute with gauge transformations.
• These tensor transformations can be interpreted as a shift in the noncommu-
tativity parameter. Combined with a map of elements of the fuzzy sphere
into the function algebra of the ordinary sphere they are used to construct the
Seiberg-Witten map as a formal Taylor expansion.
2. The Seiberg-Witten map
Briefly stated, a SW-map is a map between gauge theories defined on a noncommu-
tative space and gauge theories on the corresponding commutative space which maps
gauge equivalent classes onto gauge equivalent classes. The map is constructed to
permit a perturbation of the commutative theory in the noncommutativity parameter
which characterizes the noncommutative algebra.
More specifically, let a general noncommutative algebra Aθ be characterized by a
noncommutativity parameter θ. For θ = 0 the algebra Aθ coincides with an algebra
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M of functions on a manifold. We assume that a gauge theory can be formulated
on Aθ involving a gauge field A and possibly matter fields Ψ. We denote by δΛ the
(infinitesimal) noncommutative gauge transformation involving the gauge parameter
Λ. For θ = 0 the corresponding gauge field, matter field, gauge parameter and gauge
transformation are denoted by a, ψ, λ and δλ. By a SW-map we understand a map
ρ : Aθ →M (2.1)
so that:
1. The functions ρ(A) and ρ(Ψ) takes the form of an expansion of the noncom-
mutative fields in terms of the deformation parameter θ and the corresponding
commutative field
ρ(Ai) = ai + θXi[a] +O(θ2) , ρ(Ψ) = ψ + θX [a, ψ] +O(θ2) , (2.2)
where Xi[a] and X [a, ψ] are functions of the commutative fields. Usually, one
omits the ′ρ ′ and simply writes A(a, θ), etc. It is, however, important to bear in
mind that the SW-map is a map from the noncommutative to the commutative
algebra1.
2. The map respects the gauge symmetry in the sense that the gauge equivalence
condition must hold:
A(a, θ) + δΛA(a, θ) = A(a + δλ′a, θ) , (2.3)
where λ′ is a commutative gauge parameter related to Λ and λ. For the matter
fields the equivalence condition reads
Ψ(ψ, a, θ) + δΛΨ(ψ, a, θ) = Ψ(ψ + δλ′ψ, a+ δλ′a, θ) . (2.4)
The SW-map allows a formal expansion of the action of the commutative theory
[21–23]2 in the noncommutativity parameter θ
S[a, ψ, θ] = S0[a, ψ] +
∞∑
n=1
θnSn[a, ψ] . (2.5)
Such an expansion – on noncommutative Rnθ in particular – is, in its quantized
version, free of problems arising in the non-expanded theory due to UV-IR mixing
[26] (see also [27, 28] for some recent developments). However, the expansion in θ
1In particular, for finite dimensional algebras, such as the fuzzy sphere, one can in principle map
the noncommutative algebra into the commutative one without loss of information but the reverse
is clearly impossible.
2see also [24, 25] for an expansion of the noncommutative Standard Model and GUT theories.
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naturally involves a coupling constant of negative dimension and thus jeopardizes
renormalizability. This question was studied in [29, 30] for the noncommutative
Maxwell theory and in [31, 32] it was shown that θ-expanded models must involve
all possible terms in the action linear in θ permitted by power-counting. At higher
orders in θ things become more involved. The conclusion seems to be that theories
expanded in θ should be regarded as effective theories only [32].
3. The Fuzzy sphere and the Moyal plane
3.1 The fuzzy sphere
The fuzzy sphere [15] is one of the simplest noncommutative spaces. As an algebra of
matrices, it can be regarded an approximation to the commutative sphere obtained
by cutting off the function algebra on the sphere. If we denote by xi, i ∈ {1, 2, 3},
Cartesian coordinates in R3, the sphere is defined by the constraint
xixi = R
2 , (3.1)
where R is the radius of the sphere. We use Einstein’s convention of summation over
repeated indices and write indices as subscripts. By xˆi, i ∈ {1, 2, 3}, we denote the
Hermitian generators of the fuzzy sphere which satisfy
xˆixˆi = R
2 , (3.2)
and
[xˆi, xˆj] = iαǫijkxˆk , (3.3)
where α is a real parameter. A simple rescaling leads to the su(2) generators, Ji ≡
xˆi/α, which fulfill the usual commutation relation
[Ji, Jj] = iǫijkJk . (3.4)
Irreducible representations of the su(2) Lie algebra are labeled by j and have a
quantized Casimir invariant, JiJi = j(j + 1). This combined with the constraint
(3.2) leads to the relation
R2 = α2j(j + 1) , (3.5)
between the radius R and the noncommutativity parameter α which means that α
is a discrete quantity when the radius is kept fixed. We shall use the eigenstates |m〉
of the su(2) generator J3, J3|m〉 = m|m〉, as a basis with m = −j,−j + 1, . . . , j.
Classical scalar field theory on the fuzzy sphere [16] is characterized by the action
functional
S[ΦN ] =
4π
N + 1
Tr
{
[Ji,ΦN ][ΦN , Ji] +R
2V (ΦN)
}
, N = 2j , (3.6)
– 5 –
where V (ΦN) is the potential and ΦN a hermitian (N + 1)× (N + 1) matrix.
There are several alternative approaches to the definition of a gauge theory on
the fuzzy sphere [33–37]. Since our analysis of the Seiberg-Witten map is in fact
independent of the action – the only inputs necessary are (infinitesimal) gauge trans-
formations and the ’spherical constraint’ (see below) – we believe that it is indepen-
dent of the actual setup of gauge theory on S2N . Nevertheless, for completeness let
us write down a possible action describing a gauge theory. We restrict ourselves to
the Abelian U(1) case3 and write the action functional as [35]
S[A] =
4πR2
N + 1
Tr{FijFij} . (3.7)
Here, Fij is the noncommutative field strength given by
Fij = iLiAj − iLjAi + ǫijkAk + iR[Ai, Aj] , (3.8)
where Li is the Lie derivative
Li∗ = 1
α
[xˆi, ∗] = [Ji, ∗] . (3.9)
The action (3.7) is invariant under U(1) gauge transformations4
Ai → A′i =
1
R
uLku
∗ + uAku
∗ , (3.10)
where u ∈ S2N , uu∗ = 1. The transformation (3.10) has the infinitesimal form
Ai → A′i = Ai + δΛAi , δΛAi =
1
αR
[xˆi,Λ] + i[Ai,Λ] , (3.11)
where Λ is an infinitesimal element of the algebra. Gauge theory on the classical
sphere involves three components ai as well as the constraint xiai = 0. On S
2
N the
constraint can be generalized to
xˆiAi + Aixˆi + αRAiAi = 0 . (3.12)
A complex scalar field theory on the fuzzy sphere can be coupled to a gauge theory
using the minimal coupling
[xˆi, ∗]→ [Xi, ∗] , (3.13)
where
Xi = xˆi + αRAi , (3.14)
3For a treatment of the non-Abelian case see for example [37].
4We adopt a notation slightly different from that of [35]: We introduce a factor R in order to
obtain the correct gauge field in the Moyal limit. Further, we choose to study scalar fields in the
adjoint representation.
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which leads to the action
S[ΦN , A] =
4π
α2(N + 1)
Tr
{
[Xi,ΦN ][ΦN , Xi] + α
2R2V (ΦN )
}
. (3.15)
Xi is sometimes referred to as a covariant coordinate [21], since it has the property
δΛ(XiΦN ) = i[Λ, XiΦN ] , (3.16)
provided the field ΦN transforms in the adjoint representation:
δΛΦN = i[Λ,ΦN ] . (3.17)
Further, the covariant coordinates satisfy
[Xi, Xj] = −iα2RFij + iαǫijkXk . (3.18)
The fuzzy constraint (3.12) has in terms of covariant coordinates the suggestive form
XiXi = R
2 , (3.19)
which is the covariant version of the spherical constraint (3.2).
3.2 The Moyal plane
The Moyal plane is generated by two ’coordinates’; hermitian operators yˆi, i ∈ {1, 2}
fulfilling the algebra
[yˆi, yˆj] = iθǫij , (3.20)
where θ is constant, real parameter of power-counting dimension −2. We define
annihilation and creation operators by
a =
1√
2θ
(yˆ1 + iyˆ2) , a
† =
1√
2θ
(yˆ1 − iyˆ2) , (3.21)
and use the harmonic oscillator basis
|n〉 = (a
†)n√
n!
|0〉 , a|n〉 = √n|n− 1〉 , a†|i〉 = √n+ 1|n+ 1〉 , (3.22)
to expand noncommutative fields such as the scalar field Φm, Φmij ≡ 〈i|Φm|j〉. The
superscript m indicates objects in the Moyal plane.
4. Limits of the Fuzzy sphere
There are two obvious limits of the fuzzy sphere: The classical limit given by α→ 0,
where the algebra becomes commutative, and the Moyal limit given by αR → θ
together with j → ∞, where the ’north pole’ is blown up in such a way that xˆ3
enters the center of the algebra, which then reduces to the algebra of the Moyal
plane.
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4.1 The classical limit S2
In the classical limit we let the angular momentum cut-off j approach infinity while
R is kept fixed. The relation (3.5) implies that α vanishes and the algebra becomes
commutative [xi, xj ] = 0. Note that the Lie derivative (3.9) converges towards the
classical generator of angular momentum, J clj = −iǫjklxk∂l which is seen by writing
an element of S2N as an expansion in normal ordered generators xˆi and calculating
a commutator with xˆj . Consequently, the actions (3.6), (3.7) and (3.15) converge
towards their classical counterparts5
S[Φcl] =
∫ ((
J cli Φ
cl
)(
J cli Φ
cl
)
+R2V (Φcl)
)
, etc. . . . , (4.1)
since the integral on the fuzzy sphere
4π
N + 1
Tr
{
ξN
}
, ξN ∈ S2N , (4.2)
agrees with the integral on S2 for N →∞:
4π
N + 1
Tr
{
ξN
}→
∫
S2
ξ , for ξN → ξ . (4.3)
4.2 The Moyal limit R2θ
Roughly speaking, if an infinitesimal region around the ‘north pole’ is blown up in
a way so that αxˆ3 approaches a constant denoted θ, xˆ3 should enter the center of
the algebra and we would expect to end up with a plane equipped with a constant
commutator relation [xˆ1, xˆ2] = iθ, i.e. the Moyal plane. In this limit, everything
away from the north pole approaches infinity in the Moyal plane.
To be precise we take the large j and large R limit so that
j →∞ , R2 = jθ
4
→∞ keeping θ fixed , (4.4)
and consider the weak convergence of matrices ΦN in the fuzzy sphere towards op-
erators Φm in the Moyal plane by zooming in on the ‘top-left’ corner of the matrices:
lim
j→∞
〈j − k|ΦN |j − k′〉 = 〈k|Φm|k′〉 . (4.5)
In the sequel we will denote this limit by ‘ ’ and will in general leave out matrix
indices. Thus, (4.5) is written
ΦN  Φ
m . (4.6)
5The convergence of matrix algebras to the commutative sphere was carefully studied in [38].
Further, the convergence of “fuzzy actions” in the commutative limit was studied in [39].
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Let us investigate this limit in some detail. Clearly we find that xˆ3 diverges in the
Moyal limit
xˆ3 ∼
√
j  ∞ , (4.7)
whereas
αxˆ3  θ , (4.8)
as expected. Also, we find that a commutator with xˆ3 vanishes
[xˆ3, ·] 0 , (4.9)
which shows that xˆ3 enters the center of the algebra in the Moyal limit. For com-
pleteness, we also note that
α[ΦN , J+] 
√
2θ[Φm, a] , α[ΦN , J−] 
√
2θ[Φm, a†] , (4.10)
where J± = J1 ± iJ2.
Let us look at the Moyal limit of a gauge theory on the fuzzy sphere. In partic-
ular, we are interested in the constraint (3.19). To obtain the correct gauge theory
in the Moyal limit we divide out a factor R and write the constraint as
α
({xˆi, Ai}+ αRAiAi) = 0 . (4.11)
All terms in the constraint vanish due to the overall factor α (which scales as j−1/2)
except terms involving xˆ3 since this scales as j
1/2. In the Moyal limit, therefore, the
gauge constraint forces A3 to scale to zero
A3  0 , (4.12)
whereas we find no constraint on the other components
A1,2  A
m
1,2 . (4.13)
Let us close this section with some general considerations. Given a sequence of
fields on fuzzy spheres, {ΦN}, N ∈ {1, . . .}, which converges weakly towards a field
Φm on the Moyal plane, and given that ΦN fulfills the equation of motion on the
respective fuzzy sphere, then it is clear from (4.10) that the field Φm will satisfy the
equations of motion in the Moyal plane since the equations of motions themselves
converge weakly. A specific example is provided by the soliton solution on the fuzzy
sphere given in [40] which was shown to converge weakly towards a soliton solution
of the Moyal plane.
– 9 –
5. The Seiberg-Witten map on the Moyal plane
Since we have a good understanding of the SW-map in the Moyal plane, we might
hope to gain information about a SW-map on the fuzzy sphere through the weak
convergence described in the previous section. It seems plausible that a SW-map on
the fuzzy sphere should converge weakly towards its counterpart in the Moyal plane.
Let us therefore first give a short review of a suitable derivation of the SW-map
on the Moyal plane (See [41] for details.). In the following sections we apply the
approach to the fuzzy sphere.
In the plane, a classical, infinitesimal dilation has the form
δǫΦ = ǫx
α∂αΦ , (5.1)
where ǫ≪ 1 and Φ denotes a classical field. A noncommutative version of this could
have the form
δǫΦ
m =
iǫ
2θ
ǫαβ{yˆα, [yˆβ,Φm]} , (5.2)
since it converges towards (5.1) in the commutative limit and fulfills an appropriate
conformal algebra. An infinitesimal gauge transformation is defined by
δgλΦ
m = i[λ,Φm] , (5.3)
where λ is an infinitesimal element of the algebra, λ ∈ R2θ. The commutator of δǫ
and a gauge transformation is easily calculated
[δgλ, δǫ]Φ
m = δgλ′Φ
m − ǫ
θ
ǫαβ{[yˆβ, λ], [yˆα,Φm]} , (5.4)
with
λ′ =
iǫ
2θ
ǫαβ{yˆα, [yˆβ, λ]} − δǫλ . (5.5)
Since gauge transformations and the dilation (5.2) do not form a closed algebra one
postulates new noncommutative coordinate transformations6
δ˜ǫΦ
m = δǫΦ
m + X m , (5.6)
which satisfy the algebra
[δgλ, δ˜ǫ]Φ
m = δgλ′Φ
m , (5.7)
6One can give a physical argument as to why covariant active transformations should exist [10]:
Given an observable O of a noncommutative field theory which has a conformal field theory as its
commutative limit. We write δgλO = 0 and consider the transformed observable, O′ = δǫO. O′ does
not equal O because the noncommutativity breaks conformal invariance. It should, however, still
be an observable, δgλO′ = 0. This implies that the commutator
[
δ
g
λ, δǫ
]
must be another symmetry
transformation of the theory.
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where λ′ is a (possibly field dependent) gauge parameter. Basically, X m is the missing
piece needed to write the coordinate transformation δǫ in a covariant way. Inserting
(5.6) into (5.7) one eventually finds7
X m = ǫθǫjk
(
{Amj ,
i
θ
[yˆk,Φ
m]}+ i
2
{Amj , [Amk ,Φm]}
)
+ Ωm , (5.8)
where Ωm is an arbitrary covariant term proportional to θ. If we write θij = θǫij (5.8)
can be written as (we set Ωm to zero)
X m := δθΦm = δθijX mij , (5.9)
where Xij can be read off from (5.8). The transformation δθ is a modified shift of
θ (and thus also acts on the product) and one can show that the algebra of δθ and
gauge transformations closes
[δθ, δ
g
λ]Φ
m = δgλ′Φ
m , (5.10)
which is a formulation of the gauge equivalence condition (2.5). Upon expanding
(5.10) around θ = 0 via a formal Taylor expansion one eventually constructs the
SW-map.
Further, equation (5.9) may be interpreted as a differential equation, the SW
differential equation, which in a star-product setting reads
dΦm
dθij
= X mij , (5.11)
where all products in (5.11) have been replaced with appropriate star-products. Anal-
ogously one finds differential equations for the gauge field as well as for any matter
field(s) transforming under gauge transformations. This approach also works for
non-Abelian gauge groups [10].
In the commutative case conformal transformations of the gauge field lead to
an energy-momentum tensor which is not gauge invariant and thus unphysical. This
deficit is corrected by adding a field-dependent gauge transformation to the conformal
transformation [42]. The algebra of conformal transformations then closes only up to
gauge transformations. The important observation is that the commutative confor-
mal transformations of the gauge field may be written as a gauge covariant part and
a part which forms a gauge transformation. Subtracting this gauge transformation
leads to gauge covariant transformations. In the noncommutative case this does not
work. Due to the noncommutative product the (initial) conformal transformation of
the gauge-field cannot be rewritten as a covariant part and a gauge transformation.
The missing part is exactly the piece of information which can be interpreted as the
θ-dependence of the gauge field and which is given by the Seiberg-Witten differential
equation (see also [12]).
7Usually, the gauge field on the Moyal plane is defined as A′mi = ǫijA
m
j . With this convention
Xm in (5.8) agrees with results found elsewhere in the literature.
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6. Infinitesimal coordinate transformations on S2 and S2N
On the classical sphere a dilation similar to (5.1) would violate the constraint (3.1).
In general, an infinitesimal coordinate transformation
xi → x′i = xi − fi , fi ≪ 1 , (6.1)
on S2 must fulfill the requirement
fixi = 0 , (6.2)
which requires fi to be of the form
fi = ωijxj +
ǫj
R
(xixj − δijx2) , (6.3)
where ωij = −ωji and ǫi are infinitesimal parameters. It turns out that rotations on
the fuzzy sphere commute with gauge transformations – as is the case in the Moyal
plane – and thus do not interest us (see next section for details). In the following
we are therefore solely interested in the infinitesimal transformations characterized
by ǫi which we shall here call spherical dilations. The commutator of two spherical
dilations gives (δǫxi ≡ fi)
[δǫ1, δǫ2]xi = R
2((ǫ1)k(ǫ2)i − (ǫ1)i(ǫ2)k)xk , (6.4)
and thus closes on a rotation. A scalar field Φ on the sphere transforms under
spherical dilations according to
δǫΦ = i
ǫj
R
ǫjklxkJ
cl
l Φ . (6.5)
Further, a gauge field ai on the sphere transforms like
δǫai = fj∂jai + ∂ifjaj
= i
ǫj
R
ǫjklxkJ
cl
l ai +
ǫj
R
(
xjai + δijxkak − 2xiaj
)
. (6.6)
Notice that the transformations defined by (6.3) reduce to dilations on the plane
when one zooms in on the north pole and chooses ǫ1, ǫ2 = 0 and ǫ3 = ǫ≪ 1.
We now formulate a noncommutative version of these transformations on the
fuzzy sphere. It turns out that the transformation of a scalar field ΦN according to
δǫΦN =
iǫi
2αR
ǫijk{xˆj , [xˆk,ΦN ]} , (6.7)
gives the correct coordinate transformations in the commutative limit:
δǫΦN
j→∞−→ δǫΦ . (6.8)
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For the gauge field on the fuzzy sphere the transformations read
δǫAi =
iǫj
2Rα
ǫjkl{xˆk, [xˆl, Ai]}+ ǫj
2R
(
{xˆk, Ak}δij + {xˆj , Ai} − 2{xˆi, Aj}
)
. (6.9)
We denote these transformations fuzzy dilations. Furthermore, we shall refer to this
kind of noncommutative transformations as ’active’ transformations as opposed to
’passive’ transformations which we will encounter in the next section. It is easy to
show that fuzzy dilations of fields on the fuzzy sphere converge weakly to dilations
of fields on the Moyal plane
δǫΦN  δǫΦ
m , δǫAi  δǫA
m
i . (6.10)
7. Covariant coordinate transformations on S2N
The idea is to identify (infinitesimal) noncommutative coordinate transformations of
the fields which do not commute with gauge transformations. Since a coordinate is in
general not a covariant object on a noncommutative space it is hardly surprising that
coordinate transformations fail to form a closed algebra with gauge transformations.
7.1 The complex scalar field
Let us first consider infinitesimal rotations of the scalar field
δbΦN =
i
α
bi[xˆi,ΦN ] , (7.1)
where the bi’s are infinitesimal. The commutator of a gauge transformation δ
g
Λ and
a rotation is
[δb, δ
g
Λ]ΦN = δ
g
Λb
ΦN , Λb = δbΛ− i
α
bi[xˆi,Λ] . (7.2)
Since the algebra closes we conclude that rotations are not suitable coordinate trans-
formations for our approach.
Next, we turn our attention to the fuzzy dilations defined by (6.7) and calculate
the commutator with a gauge transformation
[δǫ, δ
g
Λ]ΦN = δ
g
Λ¯
ΦN − ǫi
Rα
ǫijk
{
[xˆj ,Λ], [xˆk,ΦN ]
}
, (7.3)
with
Λ¯ =
iǫi
2αR
ǫijk{xˆj , [xˆk,Λ]} − δǫΛ . (7.4)
The result (7.3) is the sort of relation we are looking for: The algebra fails to close.
Notice that the last term on the right hand side vanishes in the commutative limit
as it should. If we introduce a transformation of the noncommutative product
δprodǫ (ξNζN) =
ǫi
Rα
ǫijk[xˆj , ξN ][xˆk, ζN ] + (δ
prod
ǫ ξN)ζN + ξN(δ
prod
ǫ ζN) , ξN , ζN ∈ S2N ,
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δprodǫ xˆi = 0 , (7.5)
which compensates for the noncommutativity of the algebra, and if we for now assume
that the scalar field does not transform under this transformation
δprodǫ ΦN = 0 , (7.6)
then the combined transformation
δtotǫ = δǫ + δ
prod
ǫ , (7.7)
will form a closed algebra with gauge transformations
[δtotǫ , δ
g
Λ]ΦN = δ
g
Λ¯
ΦN . (7.8)
The gauge parameter Λ¯ now reads
Λ¯ =
iǫi
2αR
ǫijk{xˆj, [xˆk,Λ]} − δtota Λ . (7.9)
In ordinary field theory there is no difference between active and passive coordi-
nate transformations; active transformations acts on the fields whereas passive trans-
formations act on the coordinate system in an inverse manner. In a noncommutative
setting the two type of coordinate transformations are no longer equivalent. Due to
the dimensional parameter α in the algebra (3.3) the noncommutative product plays
the role of a background field8. Therefore, by active transformations we understand
transformations acting only on the fields. Passive transformations acts on both the
fields and the product. In this sense (7.7) is a passive coordinate transformation and
equation (7.8) shows that we can construct covariant passive transformations. We
would, however, like to construct covariant active coordinate transformations. Let
us therefore define modified fuzzy dilations by introducing a – yet to be determined
– additional term X
δ˜ǫΦN =
iǫi
2Rα
ǫijk{xˆj, [xˆk,ΦN ]}+ X , (7.10)
δ˜ǫ(ξNζN) = 0 , ξN , ζN ∈ S2N , (7.11)
(the second expression states that the product does not transform under active trans-
formations) as well as a modified transformation of the product
δ˜prodǫ ΦN = −X , (7.12)
δ˜prodǫ (ξNζN) =
ǫi
Rα
ǫijk[xˆj , ξN ][xˆk, ζN ] + (δ
prod
ǫ ξN)ζN + ξN(δ
prod
ǫ ζN) , (7.13)
8in a star-product representation this becomes apparent since the star-product involves the
parameter α.
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for all ξN , ζN ∈ S2N , so that the combined transformations still add up to the passive
transformation (7.7)
δtotǫ = δ˜ǫ + δ˜
prod
ǫ . (7.14)
The modification term X is to be constructed so that it provides us with a closed
combined algebra of coordinate transformations and gauge transformations
[δ˜ǫ, δ
g
Λ]ΦN = δ
g
Λ′ΦN , [δ˜
prod
a , δ
g
Λ]ΦN = δ
g
Λ′′ΦN , (7.15)
with
Λ′ + Λ′′ = Λ¯ . (7.16)
In (7.15) the second expression follows from the first using (7.8). The quantity X
should vanish in the commutative limit
X j→∞−→ 0 . (7.17)
On this basis we wish to determine X . The most general solution to (7.15) has the
form
δ˜ǫ = Ω + i[Λ˜,ΦN ] , (7.18)
where Ω is a covariant object and Λ˜ some gauge parameter, possibly field dependent.
We find (see the appendices for details)
Λ˜ =
ǫi
2
ǫijk{xˆj, Ak} , (7.19)
and
Ω = Ω′ +
iǫi
2Rα
ǫijk{Xj, [Xk,ΦN ]} , (7.20)
where Xi is the covariant coordinate and Ω
′ is an arbitrary covariant term that must
vanish in the commutative limit. In the following we set Ω′a to zero. Finally we find
X = αRǫiǫijkXjk , (7.21)
with
Xjk = i
Rα
{Aj, [xˆk,ΦN ]} + i
2
{Aj , [Ak,ΦN ]} , (7.22)
which should be viewed as antisymmetrized in the indices j and k.
Let us take the Moyal limit of the expression (7.21). We find that only the
component with ǫ3 ≡ ǫ yields a non-vanishing result and that (7.21) approaches the
corresponding quantity from the Moyal plane (5.8)
X  X m . (7.23)
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This shows that we have identified an object on the fuzzy sphere which corresponds
to the term (5.8) related to the SW differential equation on the Moyal plane.
Writing αRǫiǫijk ≡ −δ˜prodǫ θij relation (7.21) takes the form
δ˜prodǫ ΦN =
(
δ˜prodǫ θij
)Xij , (7.24)
which can be interpreted as a the Seiberg-Witten differential equation on the fuzzy
sphere. Here, however, it takes the form of a difference equation since the noncommu-
tativity parameter α is not a smoothly deformable quantity. It would be interesting
to calculate the algebra of the transformations δ˜ǫ (or δ˜
prod). However, since we do
not need this for our purpose we leave it out.
Let us finally find the gauge parameters Λ′ and Λ′′ in (7.15). Using
[δgΛ1 , δ
g
Λ2
] = δgΛ3 , Λ3 = [Λ1,Λ2] + δ
g
Λ1
Λ2 − δgΛ2Λ1 , (7.25)
together with (7.19) we find
Λ′(Λ) =
iǫi
2
ǫijk{Ak, [Λ, xˆj]}+ iǫi
2αR
ǫijk{xˆj , [xˆk,Λ]} − δ˜aΛ , (7.26)
and thus
Λ′′(Λ) = − iǫi
2
ǫijk{Ak, [Λ, xˆj]} − δ˜proda Λ . (7.27)
7.2 The gauge field
The analysis can be repeated for the gauge field. We first observe that the commu-
tator of fuzzy dilations and gauge transformations fails to close
[δǫ, δ
g
Λ]Ai 6= δgΛ′Ai , (7.28)
which again leads us to postulate modified coordinate transformations
δ˜ǫAi = δǫAi + Xi , (7.29)
so that
[δ˜ǫ, δ
g
Λ]Ai = δΛ′Ai . (7.30)
The modified transformation δ˜ǫ is related to the modified transformation of the prod-
uct δ˜prodǫ through
δǫ + δ
prod
ǫ = δ˜ǫ + δ˜
prod
ǫ , (7.31)
and it’s action on the gauge field is given by
δ˜prodǫ Ai = −Xi . (7.32)
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The transformation satisfy the algebra
[δ˜prodǫ , δ
g
Λ]Ai = δΛ′′Ai , (7.33)
whenever (7.30) is fulfilled. We proceed by noting that the full solution to (7.30)
consist of a gauge transformation and a covariant part
δ˜ǫAi =
i
αR
[Xi, Λ˜] + Ωi . (7.34)
We refer to the appendices for details and give the results. The covariant term Ωi
reads (we omit a general covariant term proportional to α)
Ωi =
iǫj
2Rα
ǫjkl{Xk, [Xl, Xi]}+ ǫj
2R
(
− {Xj, Xi}+ 2δjiR2
)
, (7.35)
and the gauge parameter is found to be
Λ˜ =
ǫj
2
ǫjkl{xˆk, Al} , (7.36)
which coincides with the gauge parameter (7.19) found in the treatment of the scalar
field. Finally we obtain
Xi = αRǫjǫjklXikl , (7.37)
with
Xikl = i{Ak, 1
αR
[xˆl, Ai]}+ i1
2
{Ak, 1
αR
[Al, xˆi]}+ i1
2
{Ak, [Al, Ai]}
−ǫlim 1
2αR2
{Am, xˆk}+ ǫlim 1
2R
{Ak, Am} , (7.38)
which should again be viewed as antisymmetrized in the indices k and l. In the Moyal
limit (7.37) coincides with the term X mi related to the SW-differential equation of
the gauge field:
Xi  X mi = −δθǫkl
(
i{Ak, 1
θ
[yˆl, A
m
i ]}+ i
1
2
{Amk ,
1
θ
[Aml , Yi]}
)
, (7.39)
where Yi = yˆi + θA
m
i and δθ = θǫ3.
8. The Seiberg-Witten map on S2N
Recall that the SW-map as we defined it in section 2 yields a perturbative expansion
of a given noncommutative theory in powers of the parameter of noncommutativity.
On the fuzzy sphere the relevant parameter is α which is, however, not smoothly
deformable when R is held fixed. Nevertheless, it turns out to be possible to construct
a SW-map between the fuzzy sphere and the ordinary sphere.
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8.1 The Seiberg-Witten map
We first note that all relevant formulas (7.19), (7.22), (7.36) and (7.37) display ǫi in
the factor αǫjǫjkl only. Since this factor lies in the center of S
2
N it means that the
tensorial transformation δij defined by
9
δijΦN = X[ij] ,
δijAk = X[ij]k ,
δij(ξNζN) =
1
2R2α2
{[xˆi, ξN ], [xˆj , ζN ]} + (δijξN)ζN + ξN(δijζN) , ξN , ζN ∈ S2N ,
δijxˆk = 0 , (8.1)
fulfills
[δij, δ
g
Λ] = δ
g
Λij
, (8.2)
with
Λij(Λ) =
1
4αR
(
{Ai, [Λ, xˆj]} − {Aj , [Λ, xˆi]}
)
− δijΛ , (8.3)
where, according to (7.27), we have left open the possibility that the gauge parameter
Λ is transformed under δij . The commutator (8.2) is the crucial relation we need to
construct a SW-map on the fuzzy sphere, since it is a two-component transformation
which commutes with gauge transformations. The transformation δij resembles a
shift in the commutator [xˆi, xˆj ]. Using (8.2) we can calculate the commutator of n
δij ’s with a gauge transformation. For n = 2 we find
δj2k2δj1k1δ
g
ΛξN =
(
δgΛj2k2(Λj1k1 (Λ))
+ δgΛj1k1 (Λ)
δj2k2
+δgΛδj2k2δj1k1 + δ
g
Λj2k2(Λ)
δj1k1
)
ξN , ξN ∈ S2N . (8.4)
To construct the SW-map we introduce a natural map from the fuzzy sphere into
the commutative sphere10
τ : S2N → S2 . (8.5)
The map is constructed by simply replacing the generators xˆi in the expansion
ξN =
∑
a1a2a3
ca1a2a3 xˆ
a1
1 xˆ
a2
2 xˆ
a3
3 , ξN ∈ S2N , ca1a2a3 ∈ C , (8.6)
with the coordinates xi of S
2
τ(ξN ) =
∑
a1a2a3
ca1a2a3x
a1
1 x
a2
2 x
a3
3 . (8.7)
9We use the notation A[ij] =
1
2Aij − 12Aji.
10clearly, the fuzzy sphere is here mapped into the function algebra of the commutive sphere,
which we shall, however, also denote S2.
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This is a uniquely defined map. We denote
τ(ΦN ) := φ , τ(Ai) := ai , (8.8)
where φ and ai are the corresponding fields on S
2. Further, we denote by
τ(Λ) := λ0 , (8.9)
the commutative gauge parameter corresponding to Λ. Next, we define the map
between the fuzzy sphere and the function algebra of the commutative sphere
ρ : S2N → S2 , (8.10)
as a formal Taylor expansion
ρ(ξN) =
∞∑
n=0
1
n!
αnǫi1j1k1xk1 . . . ǫinjnknxknτ(δi1j1 . . . δinjnξN) , ξN ∈ S2N . (8.11)
In case δijξN = 0 we simply have
ρ(ξN ) = τ(ξN) . (8.12)
Since neither Xij in (7.22) nor Xijk in (7.38) diverge in the commutative limit this
formal Taylor expansion is well defined for both the scalar field ΦN and the gauge
field Ai. If we insert ΦN in (8.4), generalize it to any order n and set α = 0 in the
sense of (8.7), we finally find the relation for the complex scalar field
ρ
(
δgΛΦN
)
= δgλρ
(
ΦN
)
. (8.13)
Repeating the steps for the gauge field we find the relation
ρ
(
δgΛAi
)
= δgλρ
(
Ai
)
. (8.14)
In (8.13) and (8.14) the commutative gauge parameter λ[Λ, a, θ] is related to the
noncommutative gauge parameter Λ through the map
λ[Λ, a, α] = λ0 + αǫj1k1l1xl1τ(Λj1k1(Λ))
+
α2
2
ǫj2k2l2xl2ǫj1k1l1xl1τ(Λj1k1(Λj2k2(Λ))) + . . . . (8.15)
The relations (8.13) and (8.14) are the gauge equivalence relations on the fuzzy
sphere for the scalar field and the gauge field respectively, and ρ(ΦN ) and ρ(Ai) are
the SW-maps of the scalar field and the gauge field.
To first order the SW-map ρ(ΦN ) for the scalar field reads
ρ(ΦN ) = φ+ αǫijkxkτ(Xij) +O(α2) , (8.16)
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where Xij is given in (7.22).
The above result for the scalar field is of course slightly peculiar because we chose
to analyze a field in the adjoint representation: The field’s gauge transformation
vanishes in the commutative limit and thus renders the commutative ’gauge’ theory
obsolete. Nevertheless, the analysis may easily be repeated for (scalar) fields in
the (anti-) fundamental representation and secondly, one can in a straight forward
manner extend the analysis to the non-Abelian case. In fact, our analysis does not
depend on the ’internal’ structure of the fields in question, only on their spin. In this
light let us check – up to first order – that this map does indeed give a gauge-covariant
map. We first calculate
ρ(δgΛΦN ) = ρ(i[Λ,ΦN ]) =
2
R2
αǫijkxk(Liλ0)(Ljφ) +O(α2) , (8.17)
and then
δgλρ(ΦN) = δ
g
λ(φ+ αǫijkxkτ(Xij)) +O(α2)
=
2
R2
αǫijkxk(Liλ0)(Ljφ) +O(α2) , (8.18)
confirming (8.13) to first order in α.
For the gauge field the SW-map ρ(Ai) reads to first order
ρ(Ai) = ai + αǫjklxjτ(Xikl) +O(α2)
= ai +
α
R
ǫjklxlak
(
iJ cll ai + fli
)
+O(α2) , (8.19)
where Xijk is given in (7.38) and
fli = iJ
cl
l ai − iJ cli aj + ǫlimam , (8.20)
denotes the Abelian field strength on S2. In (8.19) we used the commutative con-
straint aixi = 0 to remove otherwise divergent terms. The expansion can again be
checked to fulfill (8.13) order by order. The first order term in (8.19) agrees alge-
braically with the result found in [20]. Clearly, higher order terms can be computed
in a straight forward manner.
8.2 The gauge parameters
Until now we have not specified how the gauge parameter Λ should transform under
δij . First, if we choose
δijΛ =
1
4αR
(
{Ai, [Λ, xˆj]} − {Aj , [Λ, xˆi]}
)
, (8.21)
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we obviously find that Λij(Λ) = 0 in (8.3). This choice leads to λ[Λ, a, α] = λ0 in
(8.15) and yields a SW-map of the gauge parameter
ρ(Λ) = λ0 + αǫijkxkτ(δijΛ) +O(α2) , (8.22)
which in the Moyal limit gives the condition on the noncommutative gauge parameter
usually found in the literature. In the general case where we do not specify any
δij transformation of Λ we may define aα =
α
2R
ǫijkxkaiLj as well as the derivation
δα = αǫijkxkδij and write
λ[Λ, a, α] =
∞∑
n=0
1
(n+ 1)!
τ((aα + δα)
nΛ) . (8.23)
In this notation the SW-map ρ(ΦN) takes the form
ρ(ΦN )[φ, a, α] =
∞∑
n=0
1
(n + 1)!
τ(δnαΦN) , (8.24)
as well as the SW-map for the gauge field
ρ(Ai)[a, α] =
∞∑
n=0
1
(n+ 1)!
τ(δnαAi) . (8.25)
Equations, (8.23), (8.24), and (8.25) resemble very much the general results found
in [3–6].
8.3 Different choices of deformation parameters
Apart from the option of adding covaritant terms to X and Xi in (7.21) and (7.37)
(and thereby changing δij) there appears to be another freedom in constructing a
SW-map – as it is defined in section 2 – on the fuzzy sphere. First, notice that
the gauge equivalence condition (8.13) is also fulfilled if we simply choose the trivial
expansion
δijΦN = 0 , δij(ξNζN) = 0 , ξN , ζN ∈ S2N . (8.26)
In fact, if we write
ρ′(ΦN ) = τ(ΦN ) + γijτ(δijΦN ) +O(γ2ij) , (8.27)
for some deformation parameter γij, then the SW-map described by (8.11) amounts to
the choice γij = αǫijkxk. This is a sound choice because γij is not gauge-transformed.
Another possible choice is of course γij = 0 which amounts to the trivial SW-map
described by (8.26). In principle, any choice of a (‘small’) gauge-invariant, antisym-
metric γij of dimension [length]
2 will lead to a map fulfilling the gauge equivalence
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condition (8.13). Of course, there are not very many ways to construct such a γij
using elements already present in the model. However, if we introduce a constant
unit vector n¯i we could write γij as its dual:
γij = αRǫijkn¯k . (8.28)
This leads to a whole new class of non-trivial maps11 fulfilling the gauge equivalence
condition (8.13).
These considerations demonstrate first of all that there is a freedom in the choice
of γij. Secondly, it becomes clear that the first requirement given in section 2 re-
garding the SW-map as an expansion is a necessary condition. For the trivial choice
(8.26) there is no deformation of the commutative theory.
8.4 A consistent deformation of gauge theories on the classical sphere
The SW-map applied to the full action leads to a deformation of classical gauge theory
on the sphere in a manner consistent with a gauge theory on the fuzzy sphere. The
n’th order deformation
ρ(S[A,Ψ]) = S[a, ψ] +
n∑
i=1
αiSi[a, ψ] +O(αn+1) , (8.29)
where S[a, ψ] is the action of ordinary gauge theory on the sphere and Si[a, ψ] are
higher order terms, gives a classical action on the ordinary sphere which contains
information about the noncommutative structure of the fuzzy sphere. Further – as
a check of consistency – it is easily found that the SW-map preserves the gauge
constraint (3.12)
ρ
(
xˆiAi + Aixˆi + αRAiAi
)
= 2aixi , (8.30)
as well as the spherical constraint
ρ
(
xˆixˆi
)
= xixi . (8.31)
It is, however, important to realize that the action (8.29) is an object very different
from the actions on the fuzzy sphere, (3.7) and (3.15). The inherent non-locality of
the fuzzy sphere is lost together with the truncation of the function algebra. The
expansion (8.29) does involve information about the noncommutativity – encoded
in the transformation of the product δij – as well as information about the gauge
symmetry which is encoded in the SW-map of the fields. But these maps – seen from
the commutative sphere point of view – represent little more than field redefinitions
(see also [32]). Thus, it is not clear to us to what extent the action (8.29) – or
any other commutative action obtained via a SW-map – captures the physics of the
noncommutative algebra from where it originates.
11These maps, however, do not represent deformations in the sense of deformation quantization
where the deformation parameter must be αǫijkxk.
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9. Covariant maps between different fuzzy spheres
On noncommutative R4θ the SW differential equation leads to the SW-map be-
tween the noncommutative and commutative (function) algebras. One can, however,
equally well map gauge theories living on different R4θ’s characterized by different θ’s,
say, θ1 and θ2. In this case, the deformation parameter is δθ = θ2 − θ1. Basically,
this is possible because the noncommutativity parameter θij lies in the center of the
algebra.
On the fuzzy sphere the noncommutativity parameters do not lie in the center
of the algebras and therefore it is not possible to generalize the SW-map found in
the previous section to a map between different fuzzy spheres. However, if we permit
maps involving a constant (unit) vector it is possible to construct a map from S2N to
S2N ′ as long as N
′ is greater than N .
We denote by
αN =
R√
N
2
(N
2
+ 1)
, (9.1)
the noncommutativity parameter of the fuzzy sphere S2N and write J
N
i and xˆ
N
i , i ∈
{1, 2, 3}, for the corresponding generators (recall: αJNi = xˆNi ). Again, our starting
point is the relation (8.4) generalized to any order n. We first define a mapping σ
between S2N and S
2
N ′ by identifying the generators J
N
i on S
2
N with the generators J
N
i
on S2N ′
σ(JNi ) := J
N′
i . (9.2)
In this way a general element on the fuzzy sphere S2N
ξN =
∑
a1a2a3
ca1a2a3(J
N
1 )
a1(JN2 )
a2(JN3 )
a3 , (9.3)
is mapped into an element on the fuzzy sphere S2N ′:
σ(ξN) :=
∑
a1a2a3
ca1a2a3(J
N′
1 )
a1(JN
′
2 )
a2(JN
′
3 )
a3 . (9.4)
and define the map
ρ˜ : S2N → S2N ′ (9.5)
by
ρ˜(ξN) =
∞∑
n=0
1
n!
γi1j1 . . . γinjnσ(δi1j1 . . . δinjnξN) , (9.6)
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where ξN ∈ S2N and γij ∈ S2N ′ . For ρ˜ to fulfill a gauge equivalence condition like
(8.13) we need γij not only to be gauge invariant, antisymmetric and of dimension
[length]2 but also to lie in the center of the algebra S2N ′ . This means, in particular,
that we cannot choose γij to
γij 6∼ ǫijkxˆN′k , (9.7)
since this obviously does not satisfy the above criteria. However, as discussed in the
previous section, if we allow ourselves to introduce a constant unit vector n¯ we are
lead to a large class of maps
γij = (αN ′ − αN)Rǫijkn¯k . (9.8)
For the scalar field, this map reads to first order
ρ˜(ΦN ) = σ(ΦN ) + (αN ′ − αN)Rǫijkn¯kσ(Xij) +O((αN ′ − αN)2) . (9.9)
The presence of an antisymmetric tensor γij breaks rotational invariance on the fuzzy
sphere. Two different maps between the fuzzy spheres S2N and S
2
N ′ characterized by
unit vectors n¯ and n¯′ will, however, be related through the rotation mapping n¯ into
n¯′.
10. Summary and conclusion
In the present paper we have constructed covariant coordinate transformations on
the fuzzy sphere. These transformations, which yield ordinary covariant coordinate
transformations in the commutative limit, were used to construct a Seiberg-Witten
map on the fuzzy sphere for U(1) gauge theories. Seiberg-Witten maps for both a
complex scalar field and a gauge field were constructed as formal power-series which
permit computation of the map to arbitrary order. The map was demonstrated to
coincide with the Seiberg-Witten map on the Moyal plane in the appropriate limit.
Furthermore, we find that the setup cannot be generalized in a straight forward
manner to obtain a covariant mapping between different fuzzy spheres (as is the case
on noncommutative R4θ). By introducing a constant vector can one construct such
mappings.
The existence of the Seiberg-Witten map on the fuzzy sphere was expected on
grounds of the general work by Jurco et al. [5]. From [5] it was, however, less clear how
the map was to be constructed since the approach involves a smooth deformation of
the noncommutativity parameter, which is not applicable on the fuzzy sphere where
the noncommutativity parameter α is discrete. Furthermore, we have demonstrated
that the approach using covariant coordinate transformations [10] – which applies to
any field in any representation of the gauge group – can be applied to fuzzy spheres.
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The analysis presented in this paper takes place in the algebra and is inde-
pendent of the star-product. We believe that this gives a clearer view of what a
Seiberg-Witten map represents and what it might be good for. It turns out that the
Seiberg-Witten map is a map from the noncommutative algebra into the commuta-
tive algebra rather than an expansion of the noncommutative field theory in terms
of the noncommutativity parameter and commutative fields.
We believe that the approach leading to the SW-map on the fuzzy sphere, which
was presented in this paper, can be applied also to other noncommutative algebras,
for example the noncommutive torus. It would be interesting to investigate whether
the SW-map can be constructed non-perturbatively for simple algebras such as the
fuzzy sphere and the noncommutative torus.
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Appendices
Appendix A: The derivation of (7.18)
We first solve (7.18). For notational simplicity we write A˜i = αRAi. To bring the
dilational term in (7.18) into covariant form we write
iǫi
2Rα
ǫijk{xˆj, [xˆk,ΦN ]} = iǫi
2Rα
ǫijk{Xj, [Xk,ΦN ]} − iǫi
2Rα
ǫijk{A˜j, [xˆk,ΦN ]}
− iǫi
2Rα
ǫijk{xj , [A˜k,ΦN ]} − iǫi
2Rα
ǫijk{A˜j, [A˜k,ΦN ]} ,(A.1)
after which (7.18) obtains the form
Ω + i[Λ˜,ΦN ] =
iǫi
2Rα
ǫijk{Xj, [Xk,ΦN ]} − iǫi
Rα
ǫijk{A˜j , [xˆk,ΦN ]}
− iǫi
2Rα
ǫijk[{xˆj , A˜k},ΦN ]− iǫi
2Rα
ǫijk{A˜j , [A˜k,ΦN ]}+ X . (A.2)
Now, we set
Λ˜ =
ǫi
2Rα
ǫijk{xˆj , A˜k} , (A.3)
and
Ω′ = Ω− iǫi
2Rα
ǫijk{Xj, [Xk,ΦN ]} , (A.4)
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where Ω′(ΦN ) is an arbitrary covariant term that must vanish in the commutative
limit. In terms of A we find
X = Rαǫiǫijk
( i
Rα
{Aj, [xˆk,ΦN ]}+ i
2
{Aj , [Ak,ΦN ]}
)
. (A.5)
Appendix B: The solution to (7.34)
Again, we proceed by noting that the full solution consists of a gauge transformation
and a covariant part
δ˜ǫAi = i
ǫj
2Rα
ǫjkl{xˆk, [xˆl, Ai]}
+
ǫj
2R
(
{xˆk, Ak}δij + {xˆj , Ai} − 2{xˆi, Aj}
)
+ Xi
= i
1
Rα
[Xi, Λ˜] + Ωi . (B.1)
Let us start by writing down the covariant version of δǫAi
i
ǫj
2(Rα)2
ǫjkl{Xk, [Xl, Xi]}+ ǫj
2R2α
(
− {Xj, Xi}+ δij{Xk, Xk}
)
= i
ǫj
2(Rα)2
ǫjkl{Xk, [Xl, Xi]}+ ǫj
2R2α
(
− {Xj, Xi}+ 2δjiR2
)
. (B.2)
We find (again: A˜i = αRAi)
i
ǫj
2(Rα)2
ǫjkl{xˆk, [xˆl, A˜i]}+ ǫj
2R2α
(
{xˆk, A˜k}δij + {xˆj, A˜i} − 2{xˆi, A˜j}
)
= i
ǫj
2(Rα)2
ǫjkl{Xk, [Xl, Xi]}+ ǫj
2R2α
(
− {Xj , Xi}+ 2δjiR2
)
−i ǫj
2(Rα)2
ǫjkl[{A˜k, xˆl}, Xi]− 2i ǫj
2(Rα)2
ǫjkl{A˜k, [xˆl, A˜i]}
−i ǫj
2(Rα)2
ǫjkl{A˜k, [A˜l, Xi]}
− ǫj
2R2α
ǫjkl
(
ǫlim{A˜k, A˜m} − ǫlim{xˆk, A˜m}
)
. (B.3)
Comparing this with (B.1) we read off (we have already set the possible arbitrary
covariant term to zero)
Ωi = i
ǫj
2(Rα)2
ǫjkl{Xk, [Xl, Xi]}+ ǫj
2R
(
− {Xj, Xi}+ 2δjiR2
)
, (B.4)
as well as the gauge parameter
Λ˜ =
ǫj
2
ǫjkl{xˆk, Al} , (B.5)
which is the same as found in (A.3). Finally we find
Xi = αRǫjǫjkl
(
i
1
αR
{Ak, [xˆl, Ai]}+ i 1
2αR
{Ak, [Al, Xi]}
+
1
2R
ǫlim{Ak, Am} − 1
2αR2
ǫlim{xˆk, Am}
)
. (B.6)
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